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^ ■ We show that off-diagonal gluons and off-diagonal ghosts acquire their masses 

O ■ dynamically in QCD if the maximal Abelian gauge is adopted. This result strongly 

supports the Abelian dominance in low-energy region of QCD. The mass generation 
is shown to occur due to ghost-anti-ghost condensation caused by attractive quartic 
ghost interactions within the Abelian projected effective gauge theory (derived by 
^ ■ one of the authors). In fact, the quartic ghost interaction is indispensable for the 

renormalizability due to nonlinearity of the maximal Abelian gauge. The ghost-anti- 
^ ! ghost condensation is associated with the spontaneous breaking of global SL{2,R) 

^ I symmetry recently found by Schaden at least for SU(2) case. Moreover we write 

down a new extended BRS algebra in the maximal Abelian gauge which should be 
compared with that of Nakanishi-Ojima for the Lorentz gauge. Finally, we argue that 
the mass generation may be related to the spontaneous breaking of a supersymmetry 
05*^(412) hidden in the maximal Abelian gauge. 
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1 Introduction 



The purpose of this Letter is to justify the Abehan dominance in the low-energy 
region of QCD defined in the maximal Abelian (MA) gauge. This story begins with 
the idea of 't Hooft called the Abelian projection. Immediately after this proposal, 
a hypothesis of Abelian dominance in low-energy physics of QCD was claimed by 
Ezawa and Iwazaki 0. By adopting the MA gauge invented by Kronfeld et al. 
0, actually, Abelian dominance was discovered by Suzuki and Yotsuyanagi 0] a 
decade ago based on numerical simulation on a lattice and has been confirmed by the 
subsequent simulations, see for reviews. However there is no analytical derivation 
or proof of Abelian dominance so far. How can one justify or prove the Abelian 
dominance in low-energy physics in QCD? 

In a previous paper |^, we tried to give an answer by constructing an effective 
Abelian gauge theory which is considered to be valid in the low-energy region of 
QCD. We called it the Abelian-projected effective gauge theory (APEGT), although 
this name is somewhat misleading as will be explained below. Before this work, a 
number of low-energy effective gauge theories were already proposed based on the 
idea of Abelian-projection. However, we should keep in mind that these models were 
constructed by ignoring all the off-diagonal gluon fields from the beginning under the 
assumption of the Abelian dominance and/or the Abelian electro- magnetic duality, 
even if they can well describe some features of confinement physics in QCD. In fact, 
they could not be derived by starting with the QCD Lagrangian. Therefore, one can 
neither answer how the off-diagonal gluon fields influence the low-energy physics, nor 
how the Abelian electro-magnetic duality could appear from the non-Abelian gauge 
theory. 

In contrast to these models, the APEGT is a first-principle derivation of effective 
theory from QCD. It was shown that the off-diagonal gluons do affect the low- 
energy physics in the sense that off-diagonal gluons renormalize the resulting effective 
Abelian gauge theory. Moreover, the coupling constant of the effective Abelian gauge 
theory has the renormalization-scale dependence governed by the renormalization 
group /5-function which is exactly the same as the original QCD, thereby, exhibiting 
the asymptotic freedom. In this sense, the APEGT reproduces a characteristic feature 
of the original QCD, asymptotic freedom, even if it is an Abelian gauge theory. In 
addition, it was demonstrated how the dual Abelian gauge theory (magnetic theory) 
can in principle be obtained in the low-energy region of QCD. Actually, it is possible 
to show that monopole condensation leads to a dual Ginzburg-Landau theory 
supporting the dual superconductor picture of QCD vacuum. A version of the 
non-Abelian Stokes theorem indicates that the Wilson loop operator can be expressed 
in terms of diagonal gluon fields, see e.g. [§. Combining these results, we are able to 
explain the Abelian dominance in quark confinement, see 

In the derivation of APEGT, however, we have treated the off-diagonal gluons as 
if they are massive in the MA gauge. This assumption was necessary to justify the 
procedure of integrating out the off-diagonal gluon fields based on the functional inte- 
gral, since this integration was interpreted as a step of the Wilsonian renormalization 
group (RG) of integrating out the massive (high-energy) modes. In view of this, the 
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resultant APEGT is regarded as the low-energy effective theory which is meaningful 
at least in the length scale R > M^-^ with Ma being the mass of off-diagonal glu- 
ons. In the derivation, moreover, we have integrated out the off-diagonal ghosts and 
anti-ghosts. This step was also necessary to reproduce the correct coefficient of the 
/3-function. 

To really justify the Abelian dominance, therefore, we need to show that the 
off-diagonal gluons and ghosts become massive in the MA gauge within the same 
framework as the APEGT. The main purpose of this Letter is to demonstrate that 
this is indeed the case. Actually, the derivation of off-diagonal gluon mass and ghost 
mass can be performed within the setting up of the previous paper P . In the previous 
work, we have ignored the ghost self-interactions in the derivation of the APEGT, 
simply because they were not necessary to obtain the asymptotic freedom. In this 
Letter we properly take the ghost self-interaction into account. We show that the 
quartic ghost self-interaction among off-diagonal ghosts leads to two kinds of ghost 
condensation. As a result, the off-diagonal gluons and off-diagonal ghosts (anti- 
ghosts) acquire non-zero masses. 

It should be remarked that the quartic ghost interaction term is generated by 
integrating out the off-diagonal gluon fields, even if such an interaction term is absent 
in the original Lagrangian of QCD. This is due to the nonlinearity of the MA gauge. 
In general, quartic ghost self-interaction terms are generated in the nonlinear gauge 
due to radiative corrections. For the theory to be renormalizable, therefore, we need 
to incorporate quartic ghost self-interaction in the bare Lagrangian via the gauge- 
fixing and FP ghost term, as pointed out already in Appendix B of If so, how 
one can specify the quartic ghost interaction? As a possibility, we introduce it so as 
to keep the supersymmetry which is quite different from that of supersymmetric 
theory in theoretical particle physics. It is hidden in the gauge fixing and ghost part 
of the MA gauge, while there is no supersymmetry in the Yang-Mills Lagrangian, 
since we are dealing with the usual QCD without supersymmetry. This requirement 
determines almost uniquely the ghost self-interaction. A special case was already 
examined in the previous paper |Tn|, 0, |T2|, |T^, |[ in a slightly different context. In 
this point, this Letter supplements the previous paper by taking into account the 
ghost self-interactions properly. 



2 QCD in the modified MA gauge 

For the gauge group G = SU (N), we consider the Cartan decomposition of the gauge 
potential into the diagonal and off-diagonal components, 

A,{x) = Ai{x)T^ = al{x)r + Al{x)T\ (1) 

where A = 1, ■ ■ ■ , A^^ — 1. Then the maximal Abelian (MA) gauge is defined as fol- 
lows. We define the functional of off-diagonal gluon fields, -R [A] := /(i^x|A^(x)A'^"(x). 
The MA gauge is obtained by minimizing the functional -R[A^] with respect to the 
local gauge transformation U{x) of y4°(x). Then we obtain the differential form of 
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the MA gauge, 



d^A^'' - gP'^'tt'^A^' := D^^A^" = 0. (2) 

This is nothing but the the background-field gauge with the background field a^. 
After the MA gauge is adopted, the original gauge group G = SU{N) is broken to 
the maximal torus group H = U{1)^^^. The MA gauge is a partial gauge fixing 
which fixes the gauge degrees of freedom for the coset space G/H. 

Following the well-known procedure, the manifest covariant action of QCD in the 
MA gauge is given by 

Sqcd '■= Sym + Sgf+fp + Sp, 
Sym = J d^x—^^v^^''^-, 

Sgf+fp = - J d''xi5B[C''iD^[a]A'^ + ^3)% (3) 

Here Sgf+fp is the gauge fixing (GF) and Faddeev- Popov (FP) ghost term where 
Sb is the Becchi-Rouet-Stora-Tyupin (BRST) transformation, a is the gauge fixing 
parameter and B is the Nakanishi-Lautrup (NL) Lagrange multiplier field. Of course, 
we can add the gauge fixing term for the residual symmetry H which we don't discuss 
in this Letter. 

In this paper, we adopt the modified MA gauge proposed in M , 



S'gf+fp = J d'^xidB^B 



]^Al{x)A^"'{x) - 



(4) 



where 5b [Sb) is the BRST (anti-BRST) transformation. The a = —2 case has been 
already investigated in [Tl|, The modified MA gauge is different from the naive 
MA gauge by the ghost self-interaction, since 

S'gf+fp = -J d'xi6B C"^ [dM^^ + f - ^^gr'''C''C''C' - i^-gr^'C^C'C' 

(5) 

where we must put Q = a to recover Eq.(^). Our choice of the Lagrangian @ (or (||) 
with C = a) is invariant under the BRST and anti-BRST transformations. Moreover, 
it is invariant for arbitrary a under the FP ghost conjugation (discrete symmetry) 

Moreover, our choice (^) leads to a renormalizable theory and preserves the hidden 
supersymmetry as discussed in the final part of this Letter. The Lagrangian (|^) should 
be compared with the Lagrangian in the Lorentz gauge which is invariant under the 
FP conjugation only in the Landau gauge. 



Cgf+fp = -t5B[C^id,A'' + = +^6BSB{lAl) + |z5b(5^C^), (7) 
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although it is also invariant under the BRST and anti-BRST transformations. 
By performing the BRST transformation explicitly, we obtain 

8 4 2 

where the choice specifies the strength of the quartic ghost interactions, 

C = a. (9) 

An implication of this choice will be discussed later. The gauge fixing term is the 
most general type we consider in the following. 

In particular, the G = SU (2) case is greatly simplified as 

S'gf+fp = j d^x{B-D^,[a\''A^'+'^B^B'' 
+iC''gt^\D^[af''Al)C'' 

-Cge'^HB^C'C^ + ^gh''''e^'^C''C^C^C'^}. (10) 
Integrating out the NL field 5" leads to 

S'gf-,fp = Jd'x{-^{D^[ar'A^'y + {l-C/a)zC^ge^\D^[a]''^A';^)C' 

j^^g2^ab^cd^a^bfjcfjdy (H) 

3 Ghost condensation and mass generation due to 
quartic ghost interaction 

The C = case was considered in the previous paper 0, leaving a arbitrary. Even 
in this case, the quartic ghost self-interaction is generated after integrating out the 
off-diagonal gluons as mentioned above (see eq.(2.52) and Appendix B of 0), 

ZicQ^e^^e^^CC^C'C^ ^4c = 4Ar-^ In {N = 2), (12) 

[Any /io 

since the interaction term —ig'^e°''^e'*C°'C'^A^^'^A'^^ does not vanish even for ^ = (or 
a = 0). 
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If we consider the non-zero ( case, (|T2]) leads to the renormahzation of ( (together 
with g). This is expected from the beginning, since the quartic ghost interaction is a 
renormahzable interaction. In fact, it has been proven that QCD in the MA gauge is 
renormalizable by including the quartic ghost interaction [|18|. 

For simplicity, we first discuss the G = SU{2) case.Q To incorporate the effect of 
ghost interaction, we introduce the auxiliary scalar field as 



-1 

"Kg 



i-pie G G , 



(13) 



where we have used the identity, e^^^'^C^C^C^C'^ = 2{ie''^C''C^f = 2{iC''C''f 
-AC^C^C^C^. Then the GF+FP term is cast into the form. 



Or 



GF+FP 



(fx { iCd^df^C - ipie'^^CC'' 
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(14) 



In order to see whether the QCD vacuum chooses a non-trivial or not, we 
consider the effective potential for the x-independent neglecting the kinetic terms. 
The Coleman- Weinberg type argument (summing up all one-loop ghost diagrams with 
arbitrary number of external fields) or integration over off-diagonal ghosts and 
anti-ghosts leads to the effective potential V{ip) for (p, 



V{^) j (fx 
Hence we obtain 



(fx- 



2(9 



2(9 



(fk 
i(27r)' 



The stationary point is given by the zero of the gap equation. 



(9' 



- 2 



1 



Z(27r)4 (-P)2 + (^2 



0. 



(15) 



(16) 



(17) 



Within the minimal subtraction (MS) scheme of the dimensional regularization, the 
effective potential is obtained as 



2(9 



1 2 1 

g2 H 



2 In 



1 



with C := 27 — 3 and the Euler constant 7 = 0.5772 ■ ■ •. As far as C 7^ 0, the gap 
equation ([T7|) has non-trivial solutions given hy ip = ±(y9o (besides a trivial one = 0) 
where 

2 ^-y \ -Stt^ 
V := lpq = ATCfi e ^ exp 



(9'i^^) 



> 0. 



(19) 



-'^In the SU(2) case, the ghost condensation was seriously discussed by Schaden from a different 
viewpoint from ours. 

^Note that the mathematical identity holds -tr X^^^i H^)^" = ln[l + ■■p^/^d'^Y] = 
lndet(a^a^(5'''' - ipe''^) - In det (9^3^(5'^''). 
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These solutions correspond to global minima of the effective potential. At the global 
minimum = yjo, Viy^o) = ~32^(v^o)^ < 0. This shows that QCD vacuum prefers a 
ghost condensate for any value of C9^{¥' 0) such that ipo ~ (g'^{ie°''^C'^C^) ^ 0. 

Now we consider the theory around the nontrivial vacuum ip = ip^. The off- 
diagonal ghost propagator is modified in the ghost-condensed vacuum into 

When (e"^C'"C'') = 0, i.e., f = 0, another ghost condensation {C°'C°') is also zero in 
the dimensional regularization. However, non-zero condensation [e°'^C°'C^) ^ leads 
to another condensation {C°'C°') ^ 0. In the condensed vacuum, the ghost-gluon 
4-body interaction, -^g'^e'"^e''^C''C^A^"'A'l, leads to a mass term of the off-diagonal 
gluons, 

- ig^e'"^e'\&'C^)A^''Al = ]^g^{iC''C'')A>"'Al, (21) 

where we have used {C"'C^) = ^{5"'^ (C^C^) + e""^ {e^^C^C^)) . The condensation is given 
by 

where the signature, i.e., positivity of v is determined by analytic continuation to 
Euclidean region. Thus the off-diagonal gluon acquires the mass given by 

2 

Ml = g^lACC") = ^ > 0. (23) 

The dynamically generated mass is finite excluding the mass counter term. Note 
that the introduction of the explicit mass term ^m'^A'^A^"- spoils the renormalizability 
of the theory.^ Our derivation of off-diagonal gluon mass preserves the renormaliz- 
ability, see for more details. 

Now we proceed to estimate the order of the off-diagonal mass. We impose the 
renormalization condition at the renormalization point M, i.e, we define the renor- 
malized coupling (g"^ by 

V"{v)\^=AP = {C9%]y (24) 

where M is nonzero but arbitrary. The renormalizability implies that arbitrary choice 
of M should not change the physics. Hence we have the /^-independence of V{ip) 
which means that (C5'^)(j\//) " (47r^)~^lnM is a M-independent constant. Then we 
have {Cg^)(M) = (C^^)(Mo)[1 + (C^^)(Mo)(4vr2)-Mn Hence (g^ satisfies the RG 

equation, M^{Cg^) = -^^(C^^)^- From the asymptotic freedom, = -^g\ 



■^Even if one introduces a bare mass term of the form, rn^ (iAJ^A''" + zaC°C"'), the modified 
BRST and anti-BRST transformations can be constructed as 5bB — m^C, 5b B = m?C — g{C x B), 
under which the modified Lagrangian is invariant. However, the nilpotency of both transformations 
is violated as S^C = irri^C, 5%C = —irn^C, leading to the breakdown of physical S-matrix unitarity, 
see I2I. 
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( obeys the RG equation, M-^ = — ^C(C ~ bo/2). Then we find that C = and 
C = bo/ 2 are the fixed points. The M independence of V means that V satisfies the 
differential equation, 



V(v) = 0, (25) 



where ■j,p{g) is the anomalous dimension of (p defined by 7i^(5') := ^M^^^ and ipn : = 
Z~'^l'^Lp and 7^((7) := M-^. Substituting (|18]) into (^), we obtain the consistent 
results, 7^(^?) = Pig) = QlM = -liS' and 7c(^?) := -f^CiC - bo/2). The 

non-trivial fixed point ( = bo/2 yields v = 47re^~'^/i^ exp = ^'^'^^^^■^qcd- 

Therefore, the condensation f is a renormalization- group invariant and the order 
is given by the QCD scale, Aqcd- Hence, the off-diagonal gluon mass is given by 
Ma = fe^^^^^/^AgcD = (7ra,)i/2g(i-7)/2^^^^_ This is comparable with the Lattice 



simulation result, — 1.2GeV, see ||T9| 



Moreover, the quartic ghost interaction can give a mass for the ghost, since the 
treatment a la Hartree-Fock approximation leads to ^g'^e^'^e'^^C'^C'^C'^C'^ = ^g'^{ie"'^C°'C^)'^ 
y^iiC^C)^ ^ Cg^{iC''C'')iC''C\ This implies the off-diagonal ghost mass, 

= (g'izC^n = Cg'^ = (Ml (26) 

Thus off-diagonal gluons and ghosts can become massive due to ghost self-interactions. 
Note that C"'C°' and e"^C7"C'' are invariant under the residual U(l). Even in the 
presence of the condensation, the residual U(l) invariance is not broken spontaneously 
and the diagonal gluon remains massless [0. These results strongly support the 
Abelian dominance. 

It is possible to extend the above analysis to the SU(3) case JlBl. The potential 
V{ip^, (f^) is written in terms of two diagonal combinations, ip^ ~ (g'^y/—lf'^°'^C"'C^{i = 
3, 8). In fact, the effective potential for SU{3) is given by 

y(^-> = ii.^'-^-tji^Mi-'^r+i^.-m (27) 

where := {Lp^,Lp^) and is the root vectors ei = (1,0), e2 = (— i,— ^),e3 = 

( — |, ^). The schematic plot of the potential is given in Fig.l. It turns out that the 
potential has the global minima at six points on the three straight lines along the 
root vectors, i.e., (I) cp^ = Q^cp^ ^ 0, (II) cp^ = V^cp^ (III) cp^ = -V^cp^. We find 
that the off-diagonal gluons in the SU{3) case have two different masses as follows.^ 

i : — ^m^i = —^=171^2 = m^4 = m^is = m^e = rriA'^, 
V 2 V 2 

TT 1 1 

V 2 V 2 

III : m^i = rriA^ = raA* = mA^ = —i=mA<i = —j^rnA''- (28) 

V 2 V 2 



This result is obtained up to Weyl symmetry. 
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Figure 1: The three-dimensional plot of the effective potential V{(p^,(f^) and its 
contour plot. 



167r2 



The value of larger mass is given by m\ = where Vq = 4^/^(47r/i^)e^ ''' exp ^^^^ j 
The /^-independence of the potential holds when ^ = 6o/3 for 5*^7(3). Hence, we ob- 
tain Vo = 4i/6(47r)e^-^A^cD- Another way to estimate the order of the off-diagonal 
mass is based on the identity of the trace anomaly, 



Note that the values of gluon condensate obtained on a lattice are as follows.0 
(0|v(-^A)^|0) ~ 0.152(GeV)^ for G = SU{2) and 0.144(GeV)^ for G = SU{3). On 
the other hand, the vacuum energy of the condensed vacuum (at the global minima) 
leads to 

^for SU(3), f-— , 



(OmO) ^ Wivo) = -^foT SU(3), ( -—for SU(2) . (30) 



Equating (||) and (g^), we obtain Vq = (| (0|T;^|0) |167rV3)i/2 ^ 3.2(GeV)2, for N, = 3 
and Nf = 0. Finally, we have tua = (a,Fo/4)i/^ (asVo/SY^^ ^ 0.4 ~ O.SGeV. These 
are our predictions. The full details of SU{3) case will be given in . 



4 APEGT of QCD in the modified MA gauge 

In order to obtain the "effective" theory which is written in terms of the diago- 
nal fields a^^,B\C\ alone, we intend to integrate out all the off-diagonal fields 
y4^, 5", C", C"". We call the resultant effective field theory the Abelian-projected ef- 

^ The authors would hke to thank E.-M. Ilgenfritz for providing this information. In the presence 
of hght quarks, the charmonium sum rules gives {0\^i^^,y)^\0) — 1-3 ^ 1.9 x lO^^(GeV)^. 
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fective gauge theory (APEGT). That is to say, the APEGT is defined as 



eM^SAPEGT) = I [dA;][rfC1[rfC'"][d5'^] expitSgcD). (31) 
Hence the vacuum-to-vacuum amphtude (or the partition function) of QCD reads 

Zqcd := J [dAi][dC^][dC^][dB^]exp{zSQCD) 

"[rfa;] [dC'] [dC'] [dB^] expiiSAPEGT). (32) 

In the naive MA gauge, such an attempt was first performed by Quandt and Reinhardt 



ri| for a = and subsequently by one of the authors for a 7^ 0, in particular, 
a = 1 at least for G = SU{2). (We have found that the a = case is very 
special from the viewpoint of renormalizability.) The generalization to SU{N) is 



straightforward |jT5|, [16 1. 



In the naive MA gauge y], the off-diagonal gluons were expected to become mas- 
sive, while the diagonal gluons were believed to behave in rather complicated way. 
Recently, the massiveness of off-diagonal gluons has been shown by Monte Carlo 
simulations on a lattice [|Ty]. An analytical explanation was given at least in the 



topological sector based on the dimensional reduction of the topological sector to the 
two-dimensional coset G/H nonlinear sigma (NLS) model, see section IV. C of 
In this paper we have given another evidence of mass generation of off-diagonal glu- 
ons and ghosts. In view of these facts, the integration of massive off-diagonal gluon 
fields can be interpreted as a step of integration of massive modes in the sense of the 
Wilsonian renormalization group. In this sense, the APEGT obtained in this way is 
regarded as the low-energy effective theory describing the physics in the length scale 
R > or in the low-energy region p < niA- 

In order to obtain the explicit form of the APEGT in the modified MA gauge, 
we repeat the steps performed in ||^ to obtain the APEGT. The GF+FP term in the 
condensed vacuum reads 



S'gf+fp = Jd^--{D,[arA^'r + -MlA^'^A; 



where we have put ip = ip^ + (p. Note that V{ipQ + (p) = V^ipo) + i(^^y'((y9o) + Oi^ipr') 
with V'^ifo) = and V"{ipo) = g^. We perform the integration over (high-energy) 
massive modes, i.e., off-diagonal gluons and off-diagonal ghosts C° and anti-ghosts 
C'^ for the total action Sym + S'^p^pp. In the process of deriving the APEGT, we 
have introduced the anti-symmetric auxiliary (Abelian) tensor field B^^^ to avoid the 
quartic self-interactions among the off-diagonal gluons appearing in Sym where 5^^, 
is invariant under the residual gauge transformation H = U{1)^~^. The way of 



introducing is not unique, see and |]I6[ for more details. In the following we 



discuss one of the original versions 0. By repeating the procedures in [0, we can 
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show that the resultant APEGT is written as (up to higher-derivative terms)^ 



where we have defined g{jj,) := Z^^'^g with Za 1 — Za + Zd = 1 + ^-^ji^ mo' 
Here /^^ is the Abehan field strength /*^, := (9^a^ — d^a^^ and */^^ is the Hodge dual 
of /^^, i.e., */*^ := ^e^^p(jfP'^\ This result shows that the off-diagonal gluons can 
not be ignored and that they infiuence the APEGT in the form of renormalization of 
the Abelian sector. In fact, the renormalization factors Za, Zb, Zc, z^ are given by Za = 
-f^TTlaln^, Zk = +2Njf^\n^, z, = +ANjfi^\n^, z^ = \Njf^\n^ 
where is a renormalization scale. 

A remarkable fact is that the running of the gauge coupling constant g{fi) is 
governed by the /9-function, 

P{g):=fi^l^ = -bog%fi), 6o = yAr>0, (35) 

which is the same as the original Yang-Mills theory. So the APEGT is an effective 
Abelian gauge theory exhibiting the asymptotic freedom. The coupling between B^^^ 
and *ffj,u^ is important to derive the dual Abelian gauge theory which leads to the 
dual superconductivity. This term is generated through the integration (or radiative 
corrections) and is absent in the original Lagrangian. In this sense, the APEGT just 
obtained is non-renormalizable. Nevertheless, the APEGT can be made renormaliz- 
able, see [|16| for more details. The effect of dynamical quarks can be included into 



this scheme by integrating out the quark fields. It results in further renormalization 
leading to the /3-function with a different coefficient, 60 = — ^frp, where / is the 
number of quark flavors and r^r is the dimension of fermion representation. 



5 New extended BRS algebra 



It is easy to show that the QCD Lagrangian (^) in the modifled MA gauge ( pUj ) or (|TT|) 
has a new global symmetry if it is restricted to C'^ = subspace or to the parameter 
( = a, that is to say, the Lagrangian is invariant under the two transformations, 

6+C^{x) = C%x), 5+(other flelds) = 0, (36) 
S^Cix) = C'ix), 5_ (other flelds) = 0. (37) 

The existence of this symmetry in the Lagrangian in the maximal Abelian gauge 
was recently noticed by Schaden |2^. After eliminating 5" (and putting ( = a), 
(pH]) agrees with the Lagrangian examined by Schaden |2y] from a quite different 
viewpoint, the equivariant cohomology p3[. These transformations S± for the fleld 



^The higher-derivative terms are suppressed in the low-energy region, since they are of the order 
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$ are defined by the generators Q± as 5^$ = [iQ±, Q± := / d^xJ^, where the 
generators are constructed through the Noether currents, 

= +tC^{D^[a]Cr = -z6B{C''A;). (38) 
They should be compared with the ghost number, 

5,C^(x) := [tQ,,C^ix)] = C^ix), 

d^C'^ix) := [tQ,,C^{x)] = -C^{x), (39) 

where Qc is the ghost charge defined by Qc = / d^xJ^, = i{ — {D^^[a]C)"^C"^ + 
C^{D'^[a]C)'^}. Shaden found that there is a SL(2,R) symmetry among Q^,Q^ and 
Qc, i.e., [iQc, Q+] = 2(5+, [iQc, Q-] = -2Q-, «[<5+, Q-] = Qc, where the diagonal 
generator is the ghost number Qc- 

It is well known that the BRST transformation, anti-BRST transformation and 
the ghost number generator form the double BRS algebra among three generators, 
Qb,Qb and Qc, 

[Qc, Qc] = 0, 
{Qb,Qb} = 0, {Qb,Qb} = 0, 
i[Qc,QB] = Qb, i[Qc,QB] = -Qb, 

{Qb,Qb} = 0. (40) 

By enlarging the double BRS algebra, we find a new extended double BRS algebra 
p4| among five generators, Qb,Qb,Q+,Q- and Qc, supplemented by 

[Qb,Q+] = 0, t[QB,Q+] = -QB, 

t[QB,Q-] = -Qb, [Qb,Q~]=0, (41) 
i[Qc,Q+] = 2Q+, t[Qc,Q-] = -2Q^, 

i[g+,g_] = g,. (42) 

Note that the new extended BRS algebra closes only on the space of functionals which 
are invariant under the residual U(l) gauge transformation. 

This should be compared with the extended BRS algebra (BRSNO algebra) found 
by Nakanishi and Ojima in the manifest covariant gauge of the Lorentz type where 
the additional symmetry is given by 

S^^B^ = -ig(C X C)^, 6ccC^ = -2C^, 5ec(other fields) = 0, 

= +ig{C X Of, b-ccC^ = +2^^, 5gg(other fields) = 0. (43) 

Although the BRSNO algebra holds for arbitrary gauge, their generators are con- 
served only in the Landau gauge a = 0. In the new extended algebra given above, 
the generators are conserved for an arbitrary gauge parameter a, but only on the 
space which is invariant under the residual gauge group. 
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6 Spontaneous breaking of a global symmetry and 
hidden supersymmetry in MA gauge 

The non-zero expectation value {e"'^C"'C^) is regarded as the spontaneous breaking of 
the SL(2,R) symmetry as pointed out by Schaden since [| 



{0\[iQ+,e''''C''C^ 



2{0\e''''C''C''\0) 



tQ^,e''^C''C'']\0). 



(44) 



The non-compact SL(2,R) symmetry is spontaneously broken into the non-compact 
Abelian subgroup, since the ghost charge Qc is not broken. The massless Nambu- 
Goldstone (NG) particles associated with this spontaneous symmetry breaking can 
be confined by the quartet mechanism ||26|, i.e., decouple from physical observables, 
since the current (Jl) is BRST (anti-BRST) exact. Therefore, we need not to 
worry about the emergence of massless particles. 

In the previous paper we have argued that the non-zero mass for the off-diagonal 
gluons can be understood from the massive spectrum of the coset NLS model in 
two dimensions, since the OF and FP ghost part for the modified MA gauge in four 
dimensions is reduced to the coset NLS model in two dimensions by the dimensional 



reduction a la Parisi and Sourlas In this Letter we have argued that the quartic 
ghost interaction is an origin of off-diagonal gluon mass. Now we discuss how two 
pictures could be related to each other. 

It is shown that the action (|^) for gauge fixing and FP ghost in the modified 
MA gauge has the orthosymplectic symmetry 05*^(412) among A^, C", C*" when it is 
written in the superspace := {Xf^,9,9) following the superspace formulation by 
Bonora and Tonin [^. This superspace formulation can give a geometric meaning 
of BRST 6b and anti-BRST 6b transformations as translations in the Grassmann 
variables 9 and 9 respectively, 6b ^ ^ J d9, 6b ^ ^ J d9, where we have 
employed the equivalence between the differentiation and integration with respect to 
the Grassmann variable. Then the GF and FP part in the modified MA gauge is 
rewritten into the manifest 05*^(412) invariant form. 



S'r 



GF+FP 



d'^x J d9 J d9 tiG/H 



-r]r,MA'^{x,9,9)A''{x,9,9) 



(45) 



using the Lie-algebra valued superfield (one- form). 



AMiX)dX^^ = A^ix, 9, 9)dx^ + C(x, 9, 9)d9 + C{x, 9, 9)d9, 



(46) 



and a supermetric t/nm = 6^i, for (M, A^) = (/i, u) and —if for (M, A^) = {9, i 
Thanks to the OS'p(4|2) invariance of the integrand, it is shown 
reduced to 



that 



is 



Or 



GF+FP 



-na d z 



lA';iz)A'^%z) - ^^C'^{z)C'^{z) 



(47) 



^We can consider other types of ghost condensations with the non-zero ghost number, i.e., 



(0|[ig+,e»''C°C^]|0) 



e°''C°C"'|0) and 



^ab ^b] 



e°''C"'C"'|0). Three compos- 



ite operators e°'''C°'C'' , e°'''C°'C'' , e°'''C°'C'' are mutually related by the action of the generators Q+ 
or (5_ which are spontaneously broken. 
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If we restrict the gauge potential to its topological nontrivial piece in the coset G/ H, 
Al tr \T''W{x)d^U{xY] := ^n''^, the action (0) is nothing but the coset NLS 
model 0, |], 

ScF^pp = ^J d'zni{z)n^\z). (48) 

Thus, as far as a 7^ 0, the dimensional reduction to the two-dimensional coset NLS 
model occurs and the massive spectrum in the coset NLS model implies the massive 
off-diagonal gluon, see section IV. C of 0.0 It is also suggestive for the correspondence 
between two pictures that the symplectic group 5*^(2) for the Grassmann variables is 
isomorphic to the SL{2, R) mentioned above. The action of the NLS model may have 
a wrong sign depending on the signature of the parameter a. This might be related to 
the fact that the ghost condensate does not vanish even in g = (rather diverges) for 
a < 0. Note that the dimensional reduction does not imply the equivalence between 
two Hilbert spaces on which the respective quantum theory is constructed. Thus the 
mass generation could be related to the spontaneous breaking of OSp{4:\2) symmetry 
as claimed in [|13| from slightly different viewpoint. Obviously, we need further study 
on the symmetry breaking. 



7 Conclusion and discussion 

We have shown that the masses of off- diagonal gluons and off- diagonal ghosts are dy- 
namically generated in QCD by adopting the MA gauge. This provides an evidence 
of the Abelian dominance which is expected to hold in low-energy region of QCD. 
The MA gauge is a nonlinear gauge and hence the quartic ghost interaction term is 
inevitably generated by radiative corrections 0. From the viewpoint of renormal- 
izability of the theory, therefore, we need to add the bare quartic ghost interaction 
to the original Lagrangian. We have explicitly shown that the quartic ghost interac- 
tion leads to ghost-anti-ghost condensations which give the masses of the off-diagonal 
gluons and ghosts in QCD, although QCD doesn't have any elementary scalar field. 

In this Letter we determined the form of the ghost interaction from the require- 
ment of preserving the hidden supersymmetry (the resulting gauge is called the mod- 
ified MA gauge). Surprisingly, the resulting Lagrangian in the modified MA gauge 
exactly coincides with that recently proposed by Schaden ||20| (at least for SU{2)) 
from quite a different point of view. Therefore, the ghost and anti-ghost condensation 
can be understood as a spontaneous breaking of the global SL(2,R) symmetry recently 
claimed by Schaden for the SU(2) case. We have proposed an extended BRS algebra 
which includes the SL(2,R) algebra. However, it is not clear at present whether the 
SL(2,R) symmetry can be applied to the gauge group SU{N) for N > 2. Finally 

^In the a — case, the OSp{A\2) invariance is lost and hence the above mechanism of dimensional 
reduction does not work. On the other hand, the quartic ghost interaction disappears in this case 
and the ghost condensation generating the off-diagonal gluon mass does not occur and there is no 
spontaneous breaking of SL{2, R) symmetry. In view of these, the case a = is rather special and 
should be discussed separately. 
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we argued that the mass generation is also related to the spontaneous breaking of a 
super symmetry hidden in the modified MA gauge for arbitrary N. 

In this Letter, although we have pointed out the importance of the quartic in- 
teraction term from renormalizability point of view, we have not indicated that the 
APEGT obtained in our scenario is really renormalizable. The totally renormalizable 
APEGT can be obtained improving the previous work 0, see [0. 

Finally, it will be interesting to see how the dynamical mass generation just ob- 
tained affects the dual (magnetic) theory. This issue will be discussed from APEGT 
in a forthcoming paper |T6[| . 
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